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ABSTRACT
The acceleration site for ultra-high energy cosmic rays (UHECR) is still an open question despite
extended research. In this paper, we reconsider the prompt phase of gamma-ray bursts (GRBs) as a
possible candidate for this acceleration and constrain the maximum proton energy in optically thin
synchrotron and photospheric models, using properties of the prompt photon spectra. We find that
neither of the models favour acceleration of protons to 1020 eV in high-luminosity bursts. We repeat
the calculations for low-luminosity GRBs (llGRBs) considering both protons and completely stripped
iron and find that the highest obtainable energies are < 1019 eV and < 1020 eV for protons and
iron respectively, regardless of the model. We conclude therefore that for our fiducial parameters,
GRBs, including low-luminosity bursts, contribute little to none to the UHECR observed. We further
constrain the conditions necessary for an association between UHECR and llGRBs and find that iron
can be accelerated to 1020 eV in photospheric models, given very efficiency acceleration and/or a small
fractional energy given to a small fraction of accelerated electrons. This will necessarily result in high
prompt optical fluxes, and the detection of such a signal could therefore be an indication of successful
UHECR acceleration at the source.
Keywords: gamma-ray bursts — ultra-high energy cosmic rays
1. INTRODUCTION
The acceleration sites of ultra-high energy cosmic rays (UHECR) with energies E > few ×1018 eV is still unknown
despite several decades of research. While supernova remnants seem to be confirmed cosmic ray (CR) accelerators
(see e.g. Koyama et al. (1995); Neronov (2017)), they can only generate particles with energies up to the knee at
Eknee ∼ 1015.5 eV (Lagage & Cesarsky 1983). The most energetic CRs with energies above ∼ 1018 eV have such large
gyroradii that they can diffuse out of the galactic disk, leading to the assumption that the ones we observe have
an extragalactic origin (Budnik et al. 2008; Thoudam et al. 2016). The recent detection of a high-energy neutrino
from a flaring blazar has shed new light on the high-energy cosmic ray problem (IceCube Collaboration et al. 2018).
Yet, modeling of the blazar spectral energy distribution (SED) in a single-zone model seem to disfavor UHECR
acceleration (Keivani et al. 2018). Studying UHECR production in connection with the electromagnetic spectrum is
especially timely now in the multi-messenger era, and understanding UHECR is the next step towards completing the
picture of the CR spectrum.
Waxman (1995) (hereafter W95) was early to suggest that the prompt phase of cosmic gamma-ray bursts (GRBs)
could accelerate particles to the highest observed energies (E ∼ 3 × 1020 eV). Additionally, the UHECR flux observed
at Earth could also be explained as long as GRBs emit an energy in UHERC comparable to that emitted in γ-ray
photons, however this relies on the distribution of GRBs being roughly constant towards low redshift (Stecker 2000).
Today, GRBs are still viewed among the prime candidates for UHECR acceleration (Baerwald et al. 2015; Globus et al.
2015; Biehl et al. 2018; Zhang et al. 2018), together with active galactic nuclei (AGN) (Murase et al. 2012), millisecond
pulsars (Blasi et al. 2000), tidal disruption events (Biehl et al. 2017), and starburst galaxies (Aab et al. (2018); see
however Sudoh et al. (2018)).
Accelerating UHECR to the highest energies observed puts severe constraints on the physical conditions at the
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acceleration site, for instance on the comoving magnetic field B′, see e.g. W95. Under the plausible assumption that
electrons are also accelerated at the site, the emitted synchrotron spectrum from these electrons will be imprinted
with these constraints. By using known properties of the observed photon spectra, we evaluate the compatibility of
UHECR acceleration with GRB observations. We do not address the kinetic details of particle acceleration or their
escape.
GRBs are most commonly described by the fireball model (Paczyn´ski 1986; Rees & Me´sza´ros 1992, 1994; Piran et al.
1993), where initial gravitational energy is converted into thermal energy and the high radiation pressure accelerates
the outflow. Alternatively, the outflow can be accelerated magnetically, by magnetic reconnection (Drenkhahn & Spruit
2002) or launched by the Blandford-Znajek mechanism (Blandford & Znajek 1977). In each case, the outflow reaches
its maximum velocity at the saturation radius, where most of the energy is in kinetic form. This kinetic energy must
then be dissipated to create the prompt γ-ray radiation that we observe. There is still an ongoing debate regarding the
mechanism behind the prompt emission. Leading models include photospheric emission of the outflow when it becomes
transparent to Compton scattering at the photosphere (Goodman 1986; Paczyn´ski 1986; Ryde 2004; Rees & Me´sza´ros
2005; Pe’er et al. 2005; Beloborodov 2010; Ruffini et al. 2013; Vereshchagin 2014; Pe’er 2015), internal shocks (Rees &
Me´sza´ros 1994; Daigne & Mochkovitch 1998; Kobayashi et al. 1999), and energy dissipation by magnetic reconnection
(Usov 1992; Spruit et al. 2001; Lyutikov & Blandford 2003; Giannios 2006; Zhang & Yan 2011; Be´gue´ et al. 2017).
Provided that dissipation takes place far enough from the central engine, shocks and magnetic reconnection result in
the emission of optically thin synchrotron radiation.
In synchrotron models, electrons are either in a slow cooling (SC) regime, where they lose most of their energy due
to the adiabatic expansion of the ejecta, or in a fast cooling (FC) regime, where the faster synchrotron losses dominate.
This results in a cooling break at γc; the electron Lorentz factor for which these two loss processes are equal. The
emission region is characterized to be SC or FC depending on if the minimum electron Lorentz factor γm is less than or
greater than γc respectively. In the context of synchrotron models of GRBs in the prompt emission phase, one expects
the emission to be in the FC regime. Indeed, an inherent problem with SC emission is its inefficiency in converting
the kinetic energy of the outflow into radiation. However, spectral fits to GRB prompt phases show that about 2/3 of
GRBs have a harder low energy slope than what FC synchrotron emission can produce, leading to the ”synchrotron
line of death” problem (Crider et al. 1997; Preece et al. 1998). Physical synchrotron models have been fitted directly
to the data of single pulse bursts, see e.g. Burgess et al. (2018), showing that synchrotron could, in these cases, be the
emission mechanism. Yet the fits require that γc be close to γm, the so-called marginally fast cooling regime.
Photospheric models of GRBs can account for the hard low-energy slope of the observed spectrum, as well as the
clustering of the peak energy (Pe’er et al. 2005). While many bursts show clear signs of a photospheric component
modeled by a black body, e.g. Ryde (2004), the emission is never purely thermal, maybe with rare exceptions such as
GRB 090902B and GRB 100507 (Ryde et al. 2010, 2017). However, photospheric models have problems explaining the
softest observed spectra, unless the outflow moves slowly with bulk Lorentz factor Γ in the order of a few tens, (Vurm
et al. 2013; Beloborodov 2013), as well as bursts with long variability times (Fishman & Meegan 1995; Margutti et al.
2011). The latter can be reconciled if the variability time scale is set by the behavior of the central engine.
All models have different attributes that one can use in order to characterize the magnetic field in the emitting region
and as such constrain the maximum proton energy. In addition, to give predictions for the observed electromagnetic
signal in these models given UHECR acceleration, is a powerful tool that has so far been largely overlooked. In this
paper, we use known properties of the GRB spectrum to put constraints on the highest obtainable cosmic ray energies
at the source (< 1020 eV), but we also give predictions of what electromagnetic signatures could be indicative of
successful UHECR acceleration (high spectral fluxes in the optical band).
The paper is structured as follows. In Section 2, we derive what constraints proton acceleration to the highest
energies observed puts on the comoving magnetic field. In Section 3, we evaluate if these constraints can be reconciled
with observation for synchrotron radiation models (Subsection 3.1) and photospheric emission models (Subsection 3.2).
We then investigate low-luminosity GRBs as UHECR sources, considering both protons and iron in Section 4. Finally,
we discuss the dependency of the results on the parameters in Section 5 and finish with a conclusion in Section 6.
2. REQUIREMENTS ON MAGNETIC FIELD FOR UHECR ACCELERATION
To estimate the maximum energy a particle can reach, we compare its acceleration time t ′acc to the different time
scales of energy losses. Following W95, we consider energy losses from synchrotron cooling, adiabatic expansion, and
photo-hadronic interaction, with corresponding typical time scales t ′sync, t ′ad, and t
′
pγ respectively. Here and in the
remainder of the paper, primed quantities are expressed in the frame comoving with the outflow. We do not discuss
cooling by the Bethe-Heitler process, as it is shown to be weakly constraining, see Denton & Tamborra (2018). In
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addition, energy losses from hadron-hadron collisions are less relevant than photo-hadronic collisions despite the larger
cross section of the former, due to the much lower baryon density compared to photon density in the outflow (Hu¨mmer
et al. 2010). The discussion of this section follows closely that of W95, and is presented for completeness.
The acceleration time scale for diffusive shock acceleration for a strong shock is
t ′acc,i =
E
ηcZieB′Γ
. (1)
Here, E is the measured UHECR energy which has to be divided by the bulk Lorentz factor of the flow Γ to get the
corresponding energy in the rest frame of the outflow, η is the acceleration efficiency, c is the speed of light in vacuum,
Zi is the charge number for particle species i, and e is the elementary charge. The acceleration efficiency η is defined
such that a higher value means more efficient acceleration. In this paper, we use η = 0.1, which is quite conservative
(Protheroe & Clay 2004; Rieger et al. 2007) and in reasonable agreement with numerical simulations, see e.g. Caprioli
& Spitkovsky (2014). The true value of η is unknown and is most likely dependent on the dynamics of the acceleration.
For completeness, the effect of varying the acceleration efficiency is discussed in Section 5. Synchrotron energy loss
time is dependent on the mass of the radiator. For particle species i, it is given by
t ′sync,i =
6pi
Z4i σT
(mic2)2
c
(
mi
me
)2 1
(E/Γ)B′2 (2)
where mi is the mass of particle species i, σT is the Thompson cross section, and me is the electron mass. At distance
r from the progenitor, the adiabatic cooling time scale, which is the same as the expansion time scale, is
t ′ad =
r
cΓ
. (3)
The cooling time for protons by photo-hadronic interactions is t ′pγ = (cKpγn′γσpγ)−1, where Kpγ ≈ 0.2 is the proton
inelasticity (Mu¨cke et al. 1999), n′γ is the photon density in the rest frame of the outflow and σpγ ≈ 10−28 cm2 is
the photo-hadronic cross section.1 The photon density can be estimated from the observed isotropic γ-luminosity as
Lγ = 4pir2cΓn′γ 〈ε〉, where 〈ε〉 is the typical photon energy observed. Thus,
t ′pγ =
20pir2Γ 〈ε〉
σpγLγ
. (4)
In addition to the condition that the acceleration time scale needs to be less than the smallest energy loss time scale,
the Larmor radius of the particle should be smaller than the system size, of the order of r/Γ. However, as pointed out
in W95, this constraint is strictly weaker than the constraint t ′acc < t ′ad for η < 1, and gives no additional information.
If η > 1, the requirement on Larmor radius has to be considered.
From now on, we consider a pure proton UHECR composition. Indeed, the metallicity in GRB jets is expected to be
very low, since heavier elements are destroyed by the intense photon field (Horiuchi et al. 2012). This was thoroughly
investigated in Zhang et al. (2018). From Figure 6 in their paper it is evident that for a typical injection radius
r0 ∼ 107 − 108 cm, iron and other heavy elements will be disintegrated by the high radiation field at the base of the jet.
This is not necessarily true for low-luminosity GRBs, and we consider these events in Section 4. To achieve proton
acceleration to energy E, one gets the following requirements on the comoving magnetic field:
t ′acc < t
′
sync −→ B′ < B′sync ≡
6pi
σT
(mpc2)2(
me/mp
)2 ηe(E/Γ)2 (5)
∼ 4.1 × 103η−1
(
Γ2
E20
)2
G,
t ′acc < t
′
ad −→ B′ > B′ad ≡
E
ηer
(6)
∼ 3.3 × 104 E20
η−1r14
G,
1 This value of the cross section is justified for very energetic protons. If anything, the cross section should be slightly larger (Patrignani
et al. 2016; Hu¨mmer et al. 2010), resulting in harsher results than those presented here.
4 Samuelsson et al.
t ′acc < t
′
pγ −→ B′ > B′pγ ≡
σpγ
20piec
ELγ
η 〈ε〉 r2Γ2 (7)
∼ 1.1 × 103 E20Lγ,51
η−1Γ22 〈ε〉6 r214
G.
In the equations above, we used the notation Q = 10xQx , and we also introduced mp as the proton mass. In Figure
1 on the left, we plot the parameter space where UHECR acceleration is allowed, as a function of B′ and r for three
values of the outflow bulk Lorentz factor: Γ = 100, 300 and 1000 from top to bottom. The observed luminosity is
taken to be Lγ = 1051 erg s−1, η = 0.1, and the peak energy 〈ε〉 = 300 keV. The three limiting conditions B′sync, B′ad,
and B′pγ are given by the dotted, dot-dashed and solid lines respectively. They are plotted for log(E/eV) = 17, 18,
19, 20, and 21 as indicated in the figures. The parameter space is bounded at low radii by the photospheric radius
rph = LtotσT/(8pimpc3Γ3) where Ltot is the total isotropic luminosity of the burst, see e.g. Pe’er (2015), shown as the
dashed vertical line. Indeed, it is unclear that particles can be accelerated below the photospheric radius to extreme
relativistic velocities (Budnik et al. 2010; Murase & Ioka 2013; Beloborodov 2017). On the top of Figure 1 and in
forthcoming figures, there is an x-axis showing log(r/(2Γ2c)), to give an indication of the expected variability time.
From Equations 5, 6 and 7, we see that increasing η, i.e., faster particle acceleration, shifts the dotted horizontal
synchrotron line to higher B′ values, while it shifts the dot-dashed and continuous lines to the left, resulting in larger
parameter space available for particle acceleration. Changing the ratio of the luminosity to the peak energy Lγ/〈ε〉 to
larger values shifts the solid line to the right, reducing the available parameter space. We also checked the possibility of
correlating the γ-ray luminosity to the peak energy via the Yonetoku relation (Yonetoku et al. 2010), but the additional
assumption does not change the results presented below and is therefore not required for our analysis.
3. RESULTS
3.1. Synchrotron dominated prompt emission
In this subsection we evaluate the allowed parameter space for the cooling break energy εc, defined as the character-
istic observed energy of synchrotron photons emitted by electrons with Lorentz factor γ′c. The position of the cooling
break energy help us differentiate between if emission occurs in the FC or SC regime. We underline that in this section
we ignore corrections for redshift, as UHECRs need to be generated sufficiently close to us or they would lose their
energy through interactions with the CMB (Waxman 1995). We note that including the redshift would only change
the results by a factor of order unity. A relativistic electron with Lorentz factor γ′e in an outflow with bulk Lorentz
factor Γ and magnetic field B′ radiates photons with the observed characteristic synchrotron energy
ε(γ′e) = 2Γ
~e
mec
(γ′e)2B′, (8)
where ~ is the reduced Planck constant and the factor 2Γ transforms the energy from the outflow frame to the observer
frame. By equating the synchrotron time scale for electrons with the expansion time scale, respectively given by
Equations (2) and (3), we obtain the cooling break Lorentz factor as
γ′c =
6pimec2
σT
Γ
rB′2
. (9)
Equation (9) is only valid as long as γ′c ≥ 1. For some of the parameter space on the left-hand side in Figure 1, this
requirement will not be met. From here on out, we limit our investigation to regions where Equation (9) is valid and
the parameter space that is excluded because of this is indicated by a solid, cyan colored line in forthcoming figures.
As evident from these figures, the excluded regions always lie where they are rejected because of the other arguments
in the paper, so for our discussion, the restriction γ′c ≥ 1 is of minor concern.
We assume that electrons are accelerated to a power-law of index −p, with p > 0, between Lorentz factors γ′m and
γ′max. If γ′c < γ′m, the electrons are FC and they quickly cool down to γ′c. If γ′m < γ′c the electrons are SC as at least some
of them cool mainly due to the adiabatic expansion of the ejecta. Several characteristics of the synchrotron spectrum
depends on in which regime the emission takes place. One of the differences is the position of the peak energy in a
νFν-spectrum ε
sync
peak. As long as p < 3, the peak is given by ε
sync
peak = max(εc, εm), where εc ≡ ε(γ′c) and εm ≡ ε(γ′m) (Sari
et al. 1998).
In the FC regime, the power-law photon spectral index below ε
sync
peak is α = −3/2 between εc and εm. The fact that 2/3
of GRBs have a harder α than what FC synchrotron emission can produce has lead to the synchrotron line of death
problem (Preece et al. 1998). SC emission has a somewhat harder low-energy photon spectral index with α = −2/3
between εm and εc, but about a third of observed burst have an α that is harder still. This contradiction by observation
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lead to the suggestion of a marginally fast cooling (MFC) regime (Daigne et al. 2011), where γ′c ∼ γ′m. Such a scenario
would produce εc . εm; the two breaks would be so close together that we fail to observe the α = −3/2 segment of the
spectrum and we would instead see a harder low-energy slope. In addition, MFC emission would be relatively efficient
in converting the kinetic energy of the outflow into radiation, as opposed to SC emission. However, a MFC emission
region requires fine tuning of the parameters (Beniamini et al. 2018).
From the discussion above we are motivated to evaluate the allowed parameter space for εc, as this will give us
information about the spectral shape of the synchrotron emission. By inserting γ′c from Equation (9) into Equation
(8) we get
εc =
2~e
mec
(
6pimec2
σT
)2
Γ3
r2B′3
(10)
The requirements on the magnetic field strength can now be translated into requirements on εc by inserting the
magnetic fields given in Equations (5) - (7) into the equation above:
εc > εc,sync ≡ ~σT3pie2c9
m7e
m12p
1
r2
(
E2
Γη
)3
(11)
∼ 1.9 × 10−2 E
6
20
r214Γ
3
2η
3
−1
eV,
εc < εc,ad ≡ 72pi2 ~e
4mec3
σ2T
rΓ3η3
E3
(12)
∼ 3.4 × 10−5 r14Γ
3
2η
3
−1
E320
eV,
εc < εc,pγ ≡ 72 × 203pi5 ~e
4mec6
σ2Tσ
3
pγ
r4
( 〈ε〉 ηΓ3
ELγ
)3
(13)
∼ 0.92 r
4
14 〈ε〉36 η3−1Γ92
E320L
3
γ,51
eV.
In the right-hand panels in Figure 1 we plot the allowed parameter space for εc, translated from the allowed parameter
space for B′ shown on the left. The color coding and line coding are similar to that on the left.
Assuming the observed prompt emission is dominated by synchrotron radiation, the peak of the synchrotron spectrum
ε
sync
peak coincides with the peak of the observed spectrum ε
obs
peak. Thus, one can differentiate the regimes depending on the
value of εc compared to the observed νFν-peak:
εc < ε
obs
peak −→ FC,
εc ∼ εobspeak −→ MFC or SC.
Experimentally, the observed peak energy is around 300 keV (average values are εobspeak ∼ 200 keV for long GRBs and
εobspeak ∼ 400 keV for short GRBs (Goldstein et al. 2012; Yu et al. 2016)). Variations of the peak energy are represented
by the pink-red gradient showing 30 keV to 3 MeV in Figure 1. From the figure, we see that the acceleration of
UHECR implies the emission to be extremely FC for most of the parameter space. Indeed εc  300 keV, except for
the lowest UHECR energies. As a consequence, the low-energy slope of GRB spectra should be of index α = −3/2, in
contradiction with observations.
As pointed out in Nakar et al. (2009); Daigne et al. (2011), synchrotron self-Compton (SSC) could have a significant
effect on the observed spectrum from astrophysical sources. If the Compton parameter Y is large, Y ≥ 1, then SSC
would harden the spectrum. Beniamini & Piran (2013) thoroughly investigated what restrictions on the emitting
region are necessary for a FC synchrotron emission model to match observations. As can be seen in Figures 3 and 4 of
their paper, the parameter space for B′ that we obtain for the highest energy UHECR could indeed be compatible with
a FC emission scenario as long as Γ & 200 and the emission happens sufficiently far out (r > 1015 cm). SSC emission
from GRBs is expected to be at least partially in the Fermi LAT band (20 MeV - 300 GeV). In a recent paper, the
Fermi LAT collaboration reported that they have not yet seen any statistically significant emission in excess of what is
6 Samuelsson et al.
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Figure 1. Allowed parameter space for B′ (left) and εc (right) as function of r for bulk Lorentz factor Γ = 100, 300, and 1000
from top to bottom. The color bar shows log(E) and the dashed vertical line shows the photosphere rph. The dotted lines on the
left (right) show B′sync (εc,sync), the dot-dashed lines show B′ad (εad), and the solid lines show B
′
pγ (εc,pγ), all for integer values
of log(E) as indicated in the plots. The pink-red gradient shows possible values for εobspeak, running from 30 keV to 3 MeV with
a dashed red horizontal line indicating εc = 300 keV. The solid, cyan line visible on the right indicates the parameter space
neglected because it would result in γ′c < 1. Numerical values used are Lγ = 1051 erg s−1, η = 0.1, and 〈ε〉 = 300 keV.
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expected from extrapolation of the synchrotron emission from lower energies (The Fermi LAT Collaboration 2018). If
a SSC component is present, then it is either weak enough to be outshined by the high energy synchrotron tail or the
SSC peak resides outside of the LAT sensitivity range (Beniamini & Piran 2013; The Fermi LAT Collaboration 2018).
Both scenarios pose problems. If the SSC emission is weaker than the extended synchrotron emission, this would imply
a low Compton parameter Y and the fraction of upscattered photons would not be sufficient to harden the spectrum
to match observations. Furthermore, suppression of the LAT flux due to Klein-Nishina effects should be negligible in a
FC synchrotron scenario as the Klein-Nishina frequency should lie above the LAT band (Beniamini & Piran 2013). A
strong SSC component above the LAT is also disfavored by recent results from the HAWC collaboration, showing that
no very high energy emission (∼ 300 GeV) from GRBs have been detected by HAWC (Alfaro et al. 2017). However,
we note that these results are only marginally constraining.
3.2. Photospherically dominated prompt emission
We next consider hybrid models, where we assume that in addition to a synchrotron component the prompt γ-ray
photons are produced at the photosphere. In particular, we assume the observed sub-MeV peak to be thermal; if this
is not the case we refer back to the discussion in Section 3.1. Below the photosphere, the charged particles are too
tightly bound to the photon field to be efficiently accelerated (Budnik et al. 2010; Murase & Ioka 2013; Beloborodov
2017). However, the acceleration of UHECR could still occur above the photosphere, provided that the synchrotron
flux from the co-accelerated electrons in the UHECR acceleration region do not outshine the photospheric emission.
In this subsection we add an additional constraint, which is that the magnetic luminosity Lmag = B′2/(8pi) × 4pir2cΓ2
cannot be larger than the total luminosity of the burst Ltot. How the value of Ltot influence the results is discussed in
Section 5. This leads to an upper limit on the magnetic field in complement to the limits given in Equations (5) - (7):
B′ < B′lum ≡
(
2Ltot
cr2Γ2
)1/2
. (14)
In order to characterize the maximum proton energy, we use two constraints on the spectral (per frequency) flux of
the synchrotron component. Firstly, for the observed sub-MeV peak to be mainly thermal, the synchrotron component
is not allowed to outshine the photosphere around these energies. If we denote the synchrotron flux per frequency
as Fsyncν , then we use the condition F
sync
ν (εobspeak) < 0.2Fobsν (εobspeak) ≡ F limν,peak. We note that the factor of 0.2 is somewhat
arbitrary, but the limit is conservative as the softer synchrotron flux should not overshoot the thermal flux at energies
below the peak (around a few ten keV). It furthermore influences the final results only weakly. The observed peak
flux differs for long and short GRBs, where the former have Fobsν (εobspeak) ≈ 1 mJy and the latter Fobsν (εobspeak) ≈ 8 mJy
(Ghirlanda et al. 2009). In this work we use Fobsν (εobspeak) = 10 mJy, which gives the limit F limν,peak = 2 mJy for the
synchrotron component. The observed flux is redshift dependent and we use z = 1.
Secondly, there are harsh observational constraints on the prompt flux in the optical band (Greiner et al. 1996; Yost
et al. 2007; Klotz et al. 2009). Detections and upper limits place the optical component at less than 10 mJy after
correcting for galactic extinction. We note that there are a few exceptions, most notably GRB 061007 that reached
a peak flux of 500 mJy about 100 seconds after trigger. We use the condition Fsyncν (εopt) < F limν,opt = 100 mJy, insuring
at least an order of magnitude in leeway compared to the generic observed burst. To use conservative values for the
fluxes also serves as a precaution for variations in the redshift.
We describe how we obtain Fsyncν (εobspeak) and F
sync
ν (εopt) in Appendix A. It is quite cumbersome, more so as synchrotron
self-absorption (SSA) can not be ignored at low radii. Even though the shape of the synchrotron spectrum is well
defined, the flux at a specific energy depends on the positions of εc, εm, and εSSA, relative to each other and relative
to the energy in question. This leads to 24 possible permutations in both cases, each with a corresponding flux profile
(see Table A2 for a complete list). For every triplet (B′, r, Γ), which is equivalent to the triplet (E, r, Γ), we calculate
εc, εm, and εSSA as well as the peak of the synchrotron spectral flux spectrum F
sync
ν,max. This completely characterizes the
flux profile and the synchrotron fluxes in the optical band and around the observed peak can be estimated. The flux
depends on the fraction of available electrons that are accelerated ξa and on the fractional energy given to electrons
e. We use ξa = 1 and e = 0.1 as our fiducial parameters. The value of e is widely used and well motivated, see e.g.
Wijers & Galama (1999); Panaitescu & Kumar (2000); Santana et al. (2014); Beniamini & van der Horst (2017). The
parameter value ξa ∼ 1 is less physically motivated but widely used, see e.g., Sari et al. (1998); Eichler & Waxman
(2005); Santana et al. (2014). The effect of varying these parameters is discussed in Section 5. The result is shown in
Figure 2. As in Figure 1, the results are shown for Γ =100, 300, and 1000 from top to bottom, and the line coding
is similar with the addition of the black dashed line showing the constraint from the magnetic luminosity (Equation
(14)). The left column shows Fsyncν (εopt) and the middle column shows Fsyncν (εobspeak). The dashed red line shows F limν
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for each case, meaning that everything above it predicts a synchrotron flux that is too high. The right column shows
the allowed parameter space when both constraints normalized to their respective observational limit, are taken into
account. For small values of r, the peak limit is the most constraining. When r increases, εm decreases resulting in
a longer soft high-energy tail, lowering the peak flux. Moreover, εSSA also decreases, shifting F
sync
ν,max to lower energies,
further reducing the sub-MeV peak flux. Meanwhile, the optical flux is completely absorbed close to the progenitor.
Once εSSA approaches εopt, the optical flux rises dramatically, with peak at εSSA = εopt.
From Figure 2 it is evident that the constraints on the flux, together with the limit on the magnetic luminosity, rules
out all acceleration above 1020 eV. The highest reachable energy is . 1020 eV, obtainable when Γ = 300 at r ∼ 1015
cm. Comparing with the middle subfigure on the left in Figure 1, we see that this require a magnetic field strength of
B′ ∼ 103 G.
Our derivation is agnostic to the dynamics of the flow, whether it is thermal pressure or magnetic reconnection
responsible for its acceleration. In both cases, several models combining synchrotron radiation with photospheric
emission have been proposed to overcome the line of death problem. For instance Beniamini & Giannios (2017)
considered gradual dissipation of magnetic energy in the jet through reconnection. They considered the peak of the
observed spectra to originate from a strong photospheric component overlaid on a non-thermal synchrotron emission of
electrons accelerated above the photopsheric radius by magnetic reconnection. The model predicts most of the energy
to be dissipated by magnetic reconnection around the saturation radius rs ∼ 1013 cm. Investigation of the left side of
Figure 1 shows that the highest UHECR cannot be obtained so close to the progenitor. Furthermore, for all models
that consider the observed peak to be photospheric, Figure 2 still applies.
4. LOW-LUMINOSITY GRBS AS UHECR SOURCES
In a recent paper, Zhang et al. (2018) thoroughly discussed low-luminosity GRBs (llGRBs) with isotropic radiation
luminosity L < 1049 erg s−1 as sources for UHECR. We note that their existence as a separate transient class is still
highly debated (Guetta & Della Valle 2007; Bromberg et al. 2011; Dereli et al. 2017). These transients escape several
problems present in the standard UHECR-GRB picture. For one, the jets in these events could be characterized by a
higher baryonic composition than a typical GRB; their weaker radiation field means that heavier nuclei have a lower
risk of photodisintegration. While the Telescope Array seems to favor an intermediate-mass nuclei composition of
UHECR that does not change with energy (Telescope Array Collaboration et al. 2018), the Pierre Auger Observatory
has seen indications that above ∼ 1018.5 eV, the cosmic ray composition starts to shift towards higher-mass nuclei with
increasing energy (The Pierre Auger Collaboration et al. 2017). We therefore consider both protons and completely
stripped iron in this section. If llGRBs are not a separate transient class however, then the photodisintegration problem
remains as the initial radiation luminosity at the base of the jet would not be lower than for a canonical GRB. Secondly,
IceCube has put strong upper limits on the GRB contribution to the high energy CR flux through stacking analysis
(Aartsen et al. 2015). Because llGRBs are much fainter they could contribute significantly to the diffuse neutrino
flux observed by IceCube without being detected (Murase et al. 2006). Lastly, llGRBs are also expected to be more
common than standard GRBs in our local universe. While the local rates estimates of llGRBs relies only on a few
events leading to large uncertainties (Guetta & Della Valle 2007), they are generally believed to be ∼ 100 times more
common than long GRBs (Sun et al. 2015).
Of the limits given in Equations (5) - (7), the one in Equation (7) is the only limit on the comoving magnetic field
that changes with luminosity. Thus, the allowed parameter spaces shown in Figure 1 are mostly valid for protons in
llGRBs as well. The consequence of lowering the luminosity is to shift the solid black lines to the left, only increasing
the allowed parameter space for the lowest energy UHECRs. The photospheric radius also decreases but this does
not alter the results presented. Iron acceleration to the highest energies is problematic as well, as this requires very
large Lorentz factors of Γ > 1000, and llGRBs are believed to have slower outflows than canonical GRBs. High-energy
acceleration with such large Lorentz factors are also incompatible with the constraint given in Equation (14). Thus,
neither protons nor iron can reach energies higher than a few 1019 eV in a llGRB in the synchrotron model without
being in a deep fast cooling regime.
In Figures 3 and 4 we show plots similar to Figure 2, but for a llGRB with Ltot = 1048 erg s−1. Figure 3 show the
results for protons and Figure 4 for completely stripped iron. The bulk outflow Lorentz factors have been modified as
llGRBs are believed to have lower outflow velocities. The plots are done with Γ = 10, 50, 100, and 300 from top to
bottom. Even though their luminosities are several orders of magnitude below generic GRB luminosities, llGRB peak
energies are only lower by a factor of a few, and their peak fluxes are lower by a factor of & 10 (Sun et al. 2015). For
the figures we use εobsll,peak = 100 keV and F
lim
ll,ν,peak = 0.1 mJy. While these values are too high for some llGRBs, lowering
either of them only reduces the allowed parameter space. A typical prompt optical flux from llGRBs is unknown, but
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Figure 2. Expected synchrotron fluxes at optical (left), 300 keV (middle) and maximum of the two when normalized to their
respective observational limit (right), for proton acceleration in a high-luminosity GRB with Γ = 100, 300, and 1000 (top to
bottom) as a function of r. The red dashed line shows our spectral flux limits Flimν , so everything above this results in too
high synchrotron fluxes. Close to the progenitor, the optical flux is completely absorbed due to synchrotron self-absorption,
while the peak flux is high. For larger r the peak flux is lower, mainly due to the decrease in εm. The optical flux increases
rapidly when εSSA decreases towards the optical band, peaking at εSSA = εopt. The dotted lines show limitations by synchrotron
emission (Eq. (5)), the dot-dashed lines show restrictions from adiabatic cooling (Eq. (6)), and the solid lines show restrictions
from photo-hadronic interactions (Eq. (7)), all for integer values of log(E) as indicated in the plots. Additionally, the dashed
line shows restrictions from the magnetic luminosity (Eq. (14)). The solid, cyan line indicates the parameter space neglected
because it would result in γ′c < 1. Total luminosity, spectral flux limits and the redshift are Ltot = 1052 erg s−1, Flimν,opt = 100 mJy,
Flim
ν,peak = 2 mJy, and z = 1. The vertical dashed line indicates the photosphere. Other numerical values used are given in Table
A1.
untargeted optical transient surveys, see e.g. Kehoe et al. (2002); Rykoff et al. (2005); Rau et al. (2006), have so far
been unsuccessful in their searches for unknown optical GRB transients. As llGRBs are predicted to be quite common
in the local universe, this might suggest low fluxes in optical. Furthermore, the non-detection by UVOT of XRF
100316D/SN 2010bh ∼ 150 s after trigger (Starling et al. 2011; Fan et al. 2011) and the low optical fluxes detected
for GRB 060218 ∼ 150 s after trigger (Marshall et al. 2006; Ghisellini et al. 2007) together with very long prompt
emission for both of > 1000 seconds, suggests that a typical value for the optical flux in a llGRB is in the order of 1
mJy or even lower. However, due to this uncertainty we set the limit on optical flux to F limll,ν,opt = 1 Jy, which is one
10 Samuelsson et al.
order of magnitude larger than the limit used in the canonical GRB case. As they are much fainter, observed llGRBs
are always much closer to us. For Figures 3 and 4, we have taken z = 0.05.
Inspection of Figures 3 and 4 shows that neither protons nor iron can be accelerated to 1020 eV or above in any part
of the parameter space. This result is valid for our fiducial parameters as given in Table A1; iron acceleration to 1020
eV would be possible given specific parameter values, see Section 5. All scenarios, except when Γ = 10, are severely
limited by the requirement that the magnetic luminosity cannot be larger than the total luminosity; it is difficult to
reconcile an emission region that is necessarily far out with a quite large magnetic field with a low total luminosity.
Indeed, due to this constraint acceleration above 1020 eV is only permissible for iron in the burst where Γ = 10 (Γ = 50),
but this would overshoot the optical flux with an optical emission of & 3 Jy (& 1 Jy). The predicted optical flux
increases rapidly with decreasing Γ, as can be seen from the left-hand panels . This result, very high optical fluxes
for a large part of the parameter space, is valid regardless of the emission mechanism of the prompt γ-rays, be it
synchrotron, photospheric, or shock breakout. The latter is not discussed in this paper but suggested in the literature
as a possible cause for the emission in llGRBs, see e.g. Suzuki & Shigeyama (2010). We stress that the current small
sample size might not give a good representation of the real distribution, and therefore this analysis should be repeated
when there are more detections. However, the problem with the too large magnetic luminosity must be addressed in
all llGRB - UHECR models.
5. DISCUSSION
In the synchrotron model, the only strong dependence is on the acceleration efficiency η and bulk outflow Lorentz
factor Γ as evident from Equations (11) - (13). In high-luminosity bursts, proton acceleration to the highest observed
energies can still not be obtained in the synchrotron model for η = 1 (observe that if η > 1, then the restriction that
the Larmor radius needs to be smaller than the system size becomes relevant). Additionally, Γ ≥ 2000 is required to
reach 1020 eV. In low-luminosity bursts, increasing η is not sufficient for proton acceleration above 1019 eV. Iron can
reach energies of 1020 eV when η = 1, however it just falls short of reaching the highest observed energies (1020.5 eV).
The dependencies in the photospheric model comes from the parameter dependence in the predicted synchrotron
fluxes in optical and around the sub-MeV peak, and these are mostly dependent on the acceleration efficiency, the
total luminosity, the fraction of electrons accelerated (see Equation (A3)), and the redshift of the burst. Increasing η
effectively decreases all lower limits shown in Figure 2 while the upper limits from the magnetic luminosity stays fixed,
resulting in a larger allowed parameter space. Fixing Ltot = 1052 erg s−1 and z = 1 as in Figure 2, we find that when
η ≥ 0.5 there is a region where protons can be accelerated to the highest energies, requiring r ∼ 1015 cm, Γ = 300,
and B′ ∼ 1000 G. When η = 1, bursts with Γ = 100 can not support acceleration up to 1020 eV but bursts with
either Γ = 300 or Γ = 1000 can. In llGRBs putting η = 1 is not enough to reach proton acceleration to 1020 eV; the
predicted fluxes in this case are similar to those shown in Figure 4 but slightly more constraining. When considering
iron, llGRBs can reach the highest observed energies for larger η in the photospheric model. In Figure 5, we plot the
constraints from the predicted fluxes for iron in a llGRB similar to the panels on the right-hand side in Figure 4, but
for η = 0.5 (left) and η = 1 (right). Especially in bursts with Γ = 50 or 100, there is quite a large region where the
highest energies could be reached, given η = 1.
Boncioli et al. (2019) argued for llGRBs as the primary source of UHECR. Similar to our Section 2, they investigate
where acceleration would be possible by comparing the relevant time scales. They also calculate the neutrino production
and consider the CR escape and propagation, and match the predicted neutrino and CR signal to observed spectra.
Their analysis is based on intermediate mass nuclei (O and Si), which they accelerate very efficiently (η = 1) in a burst
with outflow velocity Γ ∼ 10. In the synchrotron model, the electrons at the acceleration region would need to be
extremely fast cooling for such a GRB. In the photospheric model, one can look at Figure 5 to get an estimate of the
fluxes in this case. For a burst to accelerate intermediate-mass particles to the highest energies given these conditions,
the constraints from the fluxes would be most modest if the emission occurred at r & 1016 cm. Even so, the predicted
optical spectral flux from such a burst would be > 3 Jy, so if llGRBs with a slow outflow are a real source of UHECR,
then high prompt optical spectral fluxes are a necessary consequence.
The dependency of the result on the total luminosity of the burst is not trivial. Increasing Ltot makes the constraints
on the fluxes in optical and around the observed peak harsher, but it makes the constraint on the magnetic luminosity
less severe. We illustrate how the maximum UHECR energy varies with total luminosity in Figure 6. Protons in a
canonical GRB is shown on the left, protons in a llGRB in the middle, and iron in a llGRB on the right for Γ = 10,
50, 100, 300, and 1000 from top to bottom. The figure shows what maximum UHECR energy could be achieved for
each (Ltot, r)-pair for a given Γ. In other words, for each value in the range of luminosities, we check what maximum
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Figure 3. Equivalent to Figure 2, but for a low-luminosity GRB with Ltot = 1048 erg s−1, εll,peak = 100 keV, and zll = 0.05.
Plotted for Γ = 10, 50, 100, and 300 from top to bottom. Other numerical values used are given in Table A1.
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Figure 4. Equivalent to Figure 2, but for completely stripped iron in a low-luminosity GRB with Ltot = 1048 erg s−1, εll,peak = 100
keV, and zll = 0.05. Plotted for Γ = 10, 50, 100, and 300 from top to bottom. Other numerical values used are given in Table
A1.
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permitted (below the red dashed line) proton or iron energy can be achieved at each radius.2 From the Figure, we see
that proton acceleration to the highest energies is not possible in canonical or llGRBs. This result is robust even if the
redshift is changed in both cases. It is also robust to changes in the acceleration efficiency in the low-luminosity case.
Furthermore, iron acceleration to 1020 eV and above is not possible in llGRBs except for a parameter space centered
around Ltot = 1047 erg s−1 and r = 1016 cm for Γ = 10, and some tiny regions for Γ = 50 and 100. However, this also
requires ideal conditions within the burst in terms of magnetic field.
Varying the fraction of accelerated electrons ξa has two effects. Firstly, the synchrotron spectral flux is directly
proportional to the number of radiators, which leads to a larger permitted parameter space with decreasing ξa.
Secondly, γ′m is inversely proportional to ξa; if fewer electrons are accelerated they each get a larger portion of the
available energy. An increase in γ′m results in harsher constraints from the flux limits around the sub-MeV peak,
shrinking the allowed parameter space. However, γ′m is also proportional to e, so the observational constraints might
be met by allowing e to decrease. For relativistic outflows, e ∼ 0.1 is well determined (Wijers & Galama 1999;
Panaitescu & Kumar 2000; Santana et al. 2014; Beniamini & van der Horst 2017). This value of e or larger is also the
most commonly used in studies of llGRBs, see e.g. (Murase et al. 2006; Soderberg et al. 2006; He et al. 2009; Liu et al.
2011; Senno et al. 2016; Xiao et al. 2017; Zhang & Murase 2018). However, due to their slower outflows it is possible
that the shocks in llGRBs are only mildly relativistic. Crumley et al. (2019) recently found using 2D PIC simulations
that in this case, e is much smaller ∼ 5×10−4, in agreement with 1D PIC simulation of non-relativistic shock made by
Park et al. (2015). If the prompt emission was dominated by these electrons, the total luminosity would be too high
(Ltot ∼ Lγ/e), which is problematic in terms of photodisintegration at the jet base, radiation efficiency, and observed
flux. However, in our photospheric model the prompt emission is emanating from another part of the jet and such a
small value of e cannot be ruled out.
Using an identical method to that used to generate the limits on the luminosity in Figure 6, we obtain limits on
e. In Figures 7 and 8, we show these limits as a function of radius and iron energy in a llGRB with Γ = 10 and 50
respectively. Both figures show the results for η = 0.1 and 1, and ξa = 0.1 and 0.01. We only show these plots for
llGRBs for which the shocks could be non-relativistic. Furthermore, we only display iron as this is the least constraining
case. The plots for protons look similar, but the maximum proton energy is a factor Z = 26 times smaller than for
iron for the same e and r. The behavior in Figures 7 and 8 is quite complicated. The visible jumps are created when
a case previously permitted, overshoots one of the flux limits leading to another solution being displayed, or when
a less constraining solution becomes possible (see Table A2). For some parts of the parameter space, no constraint
can be put on e. This happens when either F
sync
ν,max is less then both flux limits, or when both the flux in optical and
around the sub-MeV peak are independent of γ′m. It is apparent that when combining high acceleration efficiency
and few accelerated electrons with a relatively small fractional energy, then the maximum iron energy is essentially
unconstrained. This is because what is most constraining for outflows with Γ ≤ 50 is the optical flux as evident from
Figures 3 and 4, and this is largely unaffected by the value of γ′m. So a decrease in ξa gives a corresponding decrease
of the optical flux. We note that we have been very conservative in our optical flux limit of 1 Jy, so once again we
stress that high prompt optical spectral fluxes would be a characteristic signature of UHECR acceleration in llGRBs.
Specifically in the case of GRB 060218, there are actually available optical observations that put the prompt peak V
magnitude at 18.4 (∼ 0.2 mJy) (Marshall et al. 2006). This corresponds to a de-absorbed flux of ∼ 1 mJy in which
case the constraints on the maximum attainable iron energy at the source are much more severe (E ironmax < 1020 eV for
Γ = 10, η = 1, ξa = 0.01, and e = 10−3) (Samuelsson et al., in preparation).
Varying the redshift mainly effects the result as one would expect; higher redshift means longer distance traveled,
hence lower observed fluxes. The effects due to changes of the relevant photon energies εSSA, εc, and εm with redshift,
are small in comparison. Another parameter not discussed here that influence the results in the photospehric model is
the electron injection slope p. Varying p mostly influence the predicted flux around the sub-MeV peak. Smaller values
of p, as expected in e.g. magnetic reconnection models in the low-sigma regime (Sironi & Spitkovsky 2014), lead to
harsher constraints.
6. CONCLUSION
In this paper, we have studied if GRBs can be a source of UHECRs. First, we examined what parameter space would
be allowed for the comoving magnetic field under the constraints that the acceleration time is shorter than typical loss
times for UHECR. This part of the argumentation followed closely that of Waxman (1995), and many others after him,
2 To generate Figure 6, Lγ is set to 10% of the total luminosity.
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Figure 5. Equivalent to right most column in Figure 4, but for acceleration efficiency η = 0.5 (left) and η = 1 (right). Plotted
for Γ = 10, 50, 100, and 300 from top to bottom. Other numerical values used are given in Table A1.
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Figure 6. Maximum attainable proton energy in a canonical GRB (left), in a llGRB (middle), and iron energy in a llGRB
(right) as a function of Ltot and r. The Figures show Γ = 10, 50, 100, 300, and 1000 from top to bottom. The slanted dashed
line indicates the photosphere. Other numerical values used are given in Table A1.
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Figure 7. Maximum iron energy in a llGRB with Γ = 10 as a function of e and r. The plots on the left (right) have η = 0.1
(η = 1) and the plots on the top (bottom) have ξa = 0.1 (ξa = 0.01). The red dashed line shows e = 0.1 appropriate for
relativistic outflows. Other numerical values used are given in Table A1.
Figure 8. Maximum iron energy in a llGRB with Γ = 50 as a function of e and r. The plots on the left (right) have η = 0.1
(η = 1) and the plots on the top (bottom) have ξa = 0.1 (ξa = 0.01). The red dashed line shows e = 0.1 appropriate for
relativistic outflows. Other numerical values used are given in Table A1.
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e.g. Murase et al. (2008); Gue´pin & Kotera (2017). We then investigated what such a magnetic field would imply for
observations in the framework of optically thin models based on synchrotron radiation and of photospheric emission.
We showed that for synchrotron models in high-luminosity GRBs, the electrons would be extremely fast cooling, in
tension with observations because of the line-of-death problem. We also discussed the possibility of overcoming this
problem with synchrotron self-Compton, and argued that this can not resolve the issue in this case. In models for
high-luminosity GRBs where the observed sub-MeV peak is photospheric, we showed that the synchrotron flux from
co-accelerated electrons in the UHECR acceleration region would overshoot the optical flux observed or outshine the
photospheric component for most of the allowed parameter space. The acceleration is also limited by the fact that the
magnetic luminosity cannot be larger than the total luminosity of the burst. In neither of the models could protons
reach 1020 eV. This part of the paper only considered protons, as the radiation field at the base of the jet is so large
that any heavier element is disintegrated (Horiuchi et al. 2012; Zhang et al. 2018). We then discussed the dependency
of these results on the parameters. They were most sensitive to changes in the acceleration efficiency η, the total
luminosity of the burst Ltot, and the fraction of accelerated electrons ξa. Proton energies of 1020 eV could be reached
in the photospheric model for canonical high-luminosity GRBs for η = 1 if Γ ≥ 300.
Then we considered proton and iron acceleration in low-luminosity GRBs with typical luminosity Ltot = 1048 erg
s−1. These were severely constrained by the requirement that the magnetic luminosity cannot be larger than the
total luminosity of the burst. To get high energy acceleration requires a rather high magnetic field far out in the jet
implying a large magnetic luminosity, which is difficult to reconcile with a low total luminosity. With our fiducial
parameters, neither protons nor iron could reach 1020 eV in low-luminosity GRBs. However, we found that iron could
be accelerated to 1020 eV and more, provided large values of η (∼ 1) and/or small values of ξa (∼ 0.01-0.1) and e
(∼ 0.01-0.1). The latter values could be typical in low-luminosity GRBs if the shocks are not relativistic (Park et al.
2015; Crumley et al. 2019). This acceleration would result in very high prompt optical fluxes, especially for slower
outflows (Γ ≤ 50). Detecting high optical fluxes early from a low-luminosity GRB could therefore indicate a successful
UHECR source. However, we note that we have been very conservative in our choice of the optical flux limit of 1 Jy;
the low-luminosity burst GRB 060218 where optical measurements are available, had a de-absorbed optical flux of 1
mJy (Campana et al. 2006; Ghisellini et al. 2007). In this specific case the constraints are much more severe, as we
show in a forthcoming paper.
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APPENDIX
A. OBTAINING FSYNC
ν,OPT AND F
SYNC
ν,PEAK
The maximum spectral flux is given by
Fsyncν,max =
Pν,maxNe
4pidl(z)2 . (A1)
where Ne is the number of emitting electrons, dl(z) is the luminosity distance as a function of redshift z, and Pν,max is
the maximum power per frequency given by
Pν,max =
σTmec2
3e
ΓB′, (A2)
(Sari et al. 1998). The number of emitting electrons at the emission region can be written as (Pe’er 2015)
Ne = ξan′eV
′ = ξan′pV
′ =
ξaLtot
4pir2mpc3Γ2
× 4pir2 r
Γ
=
ξaLtotr
mpc3Γ3
. (A3)
Because it is unknown what fraction of electrons injected from the central engine that are actually accelerated, this term
comes with some acceleration fraction ξa. This ξa can also incorporate the electrons produced from pair-production,
although this number should be small far out in the ejecta (Nakar et al. 2009). The luminosity in the equation above is
really the kinetic luminosity and not the total luminosity. However, above the saturation radius most of the available
energy will be kinetic, and the kinetic luminosity will therefore be of the same order as the total luminosity at the
UHECR acceleration region. This is also the case for magnetically dominated outflows, as can be seen in Figure 1 in
Drenkhahn & Spruit (2002). The fraction of order unity difference between the two luminosities can be included in ξa.
As discussed in Section 5, decreasing ξa has the effect of lowering the observed fluxes as less electrons are accelerated,
without affecting the constraint given on the magnetic luminosity in Equation (14). Therefore, a smaller ξa results
in a larger parameter space. However, the fraction of accelerated electrons cannot be arbitrarily small, as this should
cause the number of UHECR accelerated to also be small. There would then be a problem with not supplying enough
power to match the observed total CR flux. If the number of UHECR accelerated is still high even though ξa is small,
then this deviation from symmetry requires an explanation.
The cooling break frequency εc is calculated as in Equation (10) and corrected for redshift, and εm is obtained by
inserting γ′m = a
e
ξa
mp
me
(Me´sza´ros 2006) into Equation (8), also corrected for redshift. Here, e is the fraction of internal
energy given to electrons, and ξa is once again the fraction of electrons accelerated. The dependency on e and ξa is
expected; if e is small, less energy is available for the electrons and γ
′
m is reduced, while if ξa is small, fewer electrons
share the energy and γ′m will increase. The parameter a is a constant of order a few for internal collisions and ∼ Γ for
external collision. We use a = 1, which is certainly lower than the real value. The effect of increasing a is to reduce
the allowed parameter space, as this lead to larger values of εm resulting in higher predicted Fsync(εobspeak). The effect of
varying e is similar, in the sense that in our analysis, it only affects γ
′
m. Reducing e reduces the peak flux by lowering
the value of εm. We use e = 0.1.
The absorption coefficient for a power law distribution of electrons is given by (Rybicki & Lightman 1979)
αε′ =
(s + 2)c2
8pi
h2
(ε′)2
∫
dγ′ P(ν, γ′) n
′(γ′)
γ′mec2
, (A4)
where P(ν, γ′) is the power radiated in photons with observed frequency ν from an electron with comoving Lorentz factor
γ′, and n′ is the comoving number density. The factor s is the electron distribution power law index (corresponding
to p in Rybicki & Lightman (1979)) and is given by s = 2 if ε′c < ε′ < ε′m, it is equal to the injection index s = p if
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ε′m < ε′ < ε′c, and s = p + 1 if both ε′c, ε′m < ε′. The integral above is the same as they solve in Sari et al. (1998) to get
their parameterization, except the electron power-law slope is shifted down by 1, through the division of γ′. One can
therefore use their parameterization in this case. Three things to note: 1) There is an additional factor (ε′)−2 in the
expression for αε′ outside of the integral, 2) lowering the index of the electron power law by 1, only lowers the index
of the absorption spectrum by one half and 3) the lower part of the spectrum with slope 1/3 is from the low energy
tail of the synchrotron emission, which is unaffected by the new power law slope. Thus,
αε′ =
(s + 2)c2
8pi
h2
(ε′c)2
ξan′e P˜ν,max ×

(
ε′
ε′c
)−5/3
ε′ < ε′c,(
ε′
ε′c
)−3
ε′c < ε′ < ε′m,(
ε′m
ε′c
)−3 (
ε′
ε′m
)−(p+5)/2
ε′m < ε′,
(A5)
for fast cooling, where P˜ν,max = Pν,max/(γ′cmec2). For slow cooling, it becomes
αε′ =
(s + 2)c2
8pi
h2
(ε′m)2
ξan′e P˜ν,max ×

(
ε′
ε′m
)−5/3
ε′ < ε′m,(
ε′
ε′m
)−(p+4)/2
ε′m < ε′ < ε′c,(
ε′c
ε′m
)−(p+4)/2 (
ε′
ε′c
)−(p+5)/2
ε′c < ε′,
(A6)
where in this scenario P˜ν,max = Pν,max/(γ′mmec2). The material becomes optically thick to synchrotron self absorption
(SSA) once the optical depth becomes unity, τSSA = 1. Assuming constant magnetic field over the width of the
acceleration region, this gives αε′SSA = τSSAΓ/r.
If SSA was not important, then the maximum synchrotron flux Fsyncν,max would occur at min[εc, εm], because most
electrons have Lorentz factor min[γ′c, γ′m]. However, if εSSA is larger than this value, then the electrons pile up at γ′SSA
instead, as electrons with γ′e < γ′SSA are heated. This justifies the radiative index of 2 below εSSA (Rybicki & Lightman
1979). The maximum flux from synchrotron emission therefore occurs at max[εSSA, min[εc, εm]]. Because of the steep
decline in the number of electrons with increasing energy, almost all electrons emit at this energy and using a delta
approximation for these electrons’ synchrotron emission, one can use Equation (A1). Knowing Fsyncν,max, εSSA, εc, and
εm, the flux at the optical band and the ∼ 100 keV band can be calculated. In Table A2, we have summarized how we
calculate the spectral flux for all different permutations of εSSA, εc, and εm (Sari et al. 1998). There are 24 possible
permutations including the energy of interest. However, many of these cases are similar.
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Table A1. Numerical values used
Quantity Symbol Value used
Acceleration efficiency η 0.1
Typical observed photon energy 〈ε〉 300 keV
Optical energy εopt 2 eV
Observed peak energy εobspeak 300 keV
Observed optical flux Flimν,opt 100 mJy
Observed peak flux Flim
ν,peak 2 mJy
Redshift z 1
Observed low-luminosity peak energy εobsll,peak 100 keV
Observed low-luminosity optical flux Flimll,ν,opt 1 Jy
Observed low-luminosity peak flux Flimll,ν,peak 0.1 mJy
Redshift low-luminosity zll 0.05
Electron energy fraction e 0.1
Electron slope p 2.5
Electron acceleration fraction ξa 1
Constant in γ′m a 1
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Table A2. How the spectral flux is calculated in each case.
Case number
top to bottom Relative positions Calculated spectral flux
1 − 4 εSSA < εc < εm Fsyncν (ε) = Fsyncν,max ×

(
εSSA
εc
)1/3 (
ε
εSSA
)2
, ε < εSSA(
ε
εc
)1/3
, εSSA < ε < εc(
ε
εc
)−1/2
, εc < ε < εm(
εm
εc
)−1/2 (
ε
εm
)−p/2
, εm < ε
5 − 8 εSSA < εm < εc Fsyncν (ε) = Fsyncν,max ×

(
εSSA
εm
)1/3 (
ε
εSSA
)2
, ε < εSSA(
ε
εm
)1/3
, εSSA < ε < εm(
ε
εm
)−(p−1)/2
, εm < ε < εc(
εc
εm
)−(p−1)/2 (
ε
εc
)−p/2
, εc < ε
9 − 11 εc < εSSA < εm Fsyncν (ε) = Fsyncν,max ×

(
ε
εSSA
)2
, ε < εSSA(
ε
εSSA
)−1/2
, εSSA < ε < εm(
εm
εSSA
)−1/2 (
ε
εm
)−p/2
, εm < ε
12 − 14 εm < εSSA < εc Fsyncν (ε) = Fsyncν,max ×

(
ε
εSSA
)2
, ε < εSSA(
ε
εSSA
)−(p−1)/2
, εSSA < ε < εc(
εc
εSSA
)−(p−1)/2 (
ε
εc
)−p/2
, εc < ε
15 − 16 εm, εc < εSSA Fsyncν (ε) = Fsyncν,max ×

(
ε
εSSA
)2
, ε < εSSA(
ε
εSSA
)−p/2
, εSSA < ε
